Let K be a number field of degree at least 3. In this article we show that the genus of the integral trace form of K contains only one spinor genus.
Introduction
Let K be a number field. The rational quadratic form x → tr K/Q (x 2 ) has been extensively studied by several authors, see for example [Ba] , [BaLe] , [C-P] , [Ep] , [Ga] , [Mau] , [MiRe] and [S] . For arithmetic purposes, a finer invariant of a number field is its integral trace form i.e., the integral quadratic form obtained by restricting tr K/Q (x 2 ) to the maximal order in K. Recent applications of the integral trace form can be found in the work of Bhargava and Shnidman (see [BhSh] ) where they count cubic orders using the shape, an invariant closely related to the integral trace form. Some other applications of the integral trace on cubic fields can be found in [Man] and [Man2] . Given a non-degenerate integral quadratic form q, it is of great interest to study the number of spinor classes on its genus. This is explained by the famous result of Eichler [Eich] which says that for an indefinite form q of dimension of at least 3 the spinor genus and the isometry class coincide. In this article we analyze the spinor genus of the integral trace form of a number field. Our main theorem is the following: Theorem (cf.Theorem 2.12). Let K be a non-quadratic number field. Then, the genus of the integral trace form of K contains only one proper spinor genus. §1 Definitions, notations and basic facts
Notation
We summarize here the most important notation used in the paper.
• For a ∈ Q p we have that v p (a) is the usual p-adic valuation. We will use A to denote the adele ring over Q, and for a field K we will denote by G K the absolute Galois group Gal(K sep /K).
• Let a 1 , ..., a n be elements of a ring R, which in practice will be a maximal order on a number field or a local field, the R-isometry class of a quadratic form a 1 x 2 1 + ... + a 1 x 2 1 will be denoted by a 1 , ..., a n . Whenever there is a possible ambiguity in the ring of definition of an isometry between two quadratic forms we will write ∼ = R to make it clear that the forms are considered to be over R.
• The isometry class of the binary integral quadratic form 2xy over Z 2 , the hyperbolic plane, will be denoted by H.
• Most of our notation for quadratic forms is adopted from [Ca] or [O] . Unexplained terminology is either standard or can be found in either of the aforementioned references.
Equivalences between integral quadratic forms
We briefly recall the standard notions of equivalence between integral quadratic forms. As it is customary we use geometric language. Let V be a non-degenerate quadratic space over Q with orthogonal (resp. special orthogonal) group O(V ) (resp. SO(V )) and let L V be the set of lattices of maximal rank inside V . Let O A (V ) (resp. SO A (V )) be the adelic orthogonal (resp. special orthogonal) group. The group O A (V ) acts on L V and the different notions of equivalence between lattices are just given by orbits in L V , under the restricted action, of certain subgroups of O A (V ). By using the usual diagonal embedding we may view O(V ) as a subgroup of O A (V ). The notions of class, proper class and genus can all be given in terms of the groups O(V ), SO(V ) and SO A (V ), however for the spinor genus we need the group Θ A (V ) which we define next. Let Spin(V ) be the simply connected linear algebraic group over Q that is the universal cover of the algebraic group SO(V ). Explicitly, there is an exact sequence of algebraic groups
By taking G Q -invariance in the geometric sequence induced by the above exact sequence (see [KMRT, Proposition 22 .15]), we get a connecting homomorphism of Galois cohomology
The obtained homomorphism θ : SO(V ) → Q * /(Q * ) 2 is the so called spinor norm. By considering, at every prime p, the quadratic space V p := V ⊗ Q Q p we have, as above, the local spinor norm
Putting all the local spinor norms together we have a group homomorphism 1
1. The class of Λ (resp proper class) is cl(Λ) := O(V )(Λ) (resp cl + (Λ) := SO(V )(Λ)).
2. The genus of Λ (resp proper genus) is gen(Λ) :
3. The spinor genus of Λ (resp proper spinor genus) is spin(Λ) :
Given M ∈ L V we say that Λ and M are in the same class (resp. proper class, genus, proper genus, spinor genus, proper spinor genus) if they belong to the same orbit by the respective subgroup.
It is not difficult to see that gen(Λ) = gen + (Λ) for any lattice Λ (see [Ca, Chapter 8 Corollary to Lemma 3.2]) so the following are immediate consequences of the definitions:
The relevance of spinor equivalence, see [Eich] , comes from the fact that for Λ indefinite and of dimension bigger than 2 we have that cl + (Λ) = spin + (Λ) and cl(Λ) = spin(Λ).
The following criterion is a very useful tool to determine when an integral lattice Λ has spin + (Λ) = spin(Λ) = gen(Λ).
Theorem 1.2. Let V be a non-degenerate quadratic space over Q, and let Λ be an integral lattice in V . For a prime p let Λ p := Λ ⊗ Z p , and let θ p be the spinor norm on the Q pquadratic space V p := V ⊗ Q Q p . Suppose that for all primes p we have that 2 θ p (Λ p ) ⊇ Z * p . Then, the genus of Λ contains only one proper 3 spinor genus.
Proof. See [Ca, §11, Corollary pg 213].
Outline of the proof
Let K be a number field with maximal order O K and let q K be its integral trace form i.e., the integral quadratic form obtained by restricting x → tr K/Q (x 2 ) to O K . The maximal order O K is an integral lattice, with integral quadratic q K , in the quadratic space (K, tr K/Q (x 2 )).
We will denote this lattice and quadratic space by Λ and V , respectively. To obtain that spin + (Λ) = gen(Λ) it is enough to show, thanks to Theorem 1.2, that for all prime p
For primes p that are at worst tamely ramified in K there is a Jordan decomposition of the lattice Λ p that allows us to verify (1); see Theorem 2.2 for details.
To obtain (1) for wild primes we use the following result together with standard upper bounds on the p-adic valuations of the discriminant of a number field (see Corollary 2.5). Theorem 1.3. Let V be a non-degenerate rational quadratic space of dimension n > 2. Let Λ be a full rank integral lattice of discriminant D, and suppose that p is a prime such that
Proof. See both Corollaries in page 214 of [Ca] and the proofs of [E-H, Theorem 4.2, Theorem 4.6].
Remark 1.4. It is worthwhile to point out that the initial step in the strategy to show (1) is the same for every prime regardless of the ramification type. We explain this by looking at the argument for an odd prime p. The common strategy here is to use a diagonalization α 1 , ..., α n of the Z p -lattice Λ p and obtain (1) from information about the α i 's. In the case of at worst tame ramification we know explicitly the values of the α i 's and from them we get (1) (see Theorem 2.2). On the other hand, if the prime p is wild we can assume that
In particular, we have that
This is precisely the idea behind Theorem 1.3.1, hence to obtain (1) we are only left with the task to show that this inequality never occurs for α 1 , ..., α n . §2 The proof
As often happens, it is convenient to start with number fields with only tame ramification. Afterwards we will proceed to the case of wild ramification. Throughout this section all number fields are assumed to have degree bigger than 2.
Local integral trace at a tame prime
In this section we describe the Jordan decomposition of the integral trace form when localized at a prime with at worst tame ramification. For details and proofs see [Man3] . Given L a number field and p a rational prime we denote by g p the number of primes in O L lying over p. Furthermore,
where f 1 , ..., f gp are the inertia degrees of the prime p in L.
Jordan decomposition
The following result describes the Jordan decomposition of the localization of the integral trace in terms of residue and inertia degrees. For details see [Man3] .
Theorem 2.1. Let L be a degree n number field and let q L be its integral trace form. Let p be a rational prime which is not wildly ramified in L. Then,
otherwise.
Where α p , β p , γ i are some elements Z * p that can be explicitly calculated in terms of the ramification of the prime p at L. 
Tame primes
Thanks to Theorem 2.1 we can easily deal with primes that at worst tamely ramified. Recall that we denoted by V the quadratic space given by (K, tr K/Q (x 2 )), where K is number field of dimension at least 3, and by Λ the integral lattice in V given by the maximal order O K .
Theorem 2.2. Let p be a prime, and suppose that p is either unramified or tame in K.
Proof. Suppose first that p = 2. By Theorem 2.1 there are α, β ∈ Z * p such that
Since dimΛ p ≥ 3 either one of the factors in the above orthogonal decomposition has dimension at least 2. Hence Λ p contains a two dimensional orthogonal factor Λ (p) among the following 1, α , p, pβ . If p = 2 then, again by Theorem 2.1, there are α 1 , ..., α m ∈ Z * 2 such that
Thus Λ 2 contains an orthogonal factor Λ (2) of the form 2H or α 1 , α 2 , α 3 . The result follows from [Ca, XI, §3, Lemma 3.7, Lemma 3.8].
Wild primes
We first recall some classic bounds on the p-adic valuation of the discriminant of a number field.
Discriminant bounds. Let n be the degree of K and Let D K be its discriminant. Let p be a prime and suppose that e 1 , ..., e g are the ramification degrees of p with corresponding 
where equality is obtained if M p = 0.
Remark 2.4. Notice that M p = 0 is another way to say that the prime p is either unramified or tame in K. In such case v p (D K ) = n − F p follows immediately from Theorem 2.1.
An immediate consequence of Theorem 2.3 is:
Odd primes. In the case of wild ramification it is convenient to separate the cases p = 2 and p = 2. Recall that in this section we are always assuming that that n ≥ 3.
Proof. If n < 5 then p is either unramified or tame, both cases covered in Theorem 2.2. Hence we may assume that 5 ≤ n. Under this assumption we have that n ≤ 5
Proof. It is convenient to divide the problem in cases according to the degree n. As in the proof of Theorem 2.6 we may assume that 3 has wild ramification in K i.e., 1 ≤ M 3 .
• If 5 ≤ n ≤ 8 then M 3 = 1. Thus, M 3 ≤ n−3 2 which leads to the result in the exact same way as in the proof of Theorem 2.6.
• If 9 ≤ n then n < 3 n−3 2 . Since 3 M 3 ≤ n we see that M 3 < n−3 2 and we argue as before.
• Suppose n = 3. Since 3 is ramified then tr K/Q (O K ) ⊆ 3Z. Thus, after diagonalizing Λ over Z 3 we get that Λ 3 ∼ = 3 a 1 u 1 , 3 a 2 u 2 , 3 a 3 u 3 where each u i ∈ Z * 3 and the a i 's are positive integers. Notice that 3 is totally ramified in K, hence by Theorem 2.3 we have that v 3 (D K ) ≤ 5. It follows that there are i, j with i = j and such that a i = a j , otherwise v 3 (D K ) = a 1 + a 2 + a 3 ≥ 1 + 2 + 3 = 6. Thus Λ 3 contains a two dimensional orthogonal factor Λ (3) of the form 3 a , 3 a u , where a is a positive integer and u ∈ Z * 3 , and the result follows from [Ca, XI, §3, Lemma 3.7, Lemma 3.8.].
• Suppose n = 4. Since 3 is ramified then 3O K = B 3 1 B 2 for some prime ideals
is the integral trace lattice of a totally ramified cubic extension of Q 3 . By the same argument we used in the case n = 3 applied to Λ ′ 3 we conclude that Λ ′ 3 has an orthogonal factor Λ (3) of the form 3 a , 3 a u , and thus it is also an orthogonal factor of Λ 3 from which the result follows.
The case p = 2. Before dealing with the even prime we need an auxilliary result.
Lemma 2.8. Suppose n = 4. Then,
with equality possible only in the case n = 3. Proof. If n 6 then 2 n−3 > n ≥ 2 M 2 , thus M 2 < n − 3. Since 2 M 2 ≤ n we have that M 2 ≤ 2 if n = 5. In particular, for all n 5 we have that M 2 ≤ n − 3. Thanks to Corollary 2.5 we have that v 2 (D K ) ≤ n(n − 2) − F 2 < n(n − 2). Now suppose n = 3. If 2 is unramified the inequality is obvious. Otherwise 2 has ramification degrees 1, 2 and residue degrees 1, 1 which by Theorem 2.3 implies that v 2 (D K ) ≤ 3 = n(n − 2). Proposition 2.9. Suppose that K is not a totally real quartic field. Then,
, n(n − 1)} the result follows, in the case n = 4, from Lemma 2.8 and Theorem 1.3. If n = 4, we have that M 2 ≤ 2 and by Corollary 2.5 we see that v 2 (D K ) ≤ 11. On the other hand since K is non totally real Λ is indefinite and the result follows from Theorem 1.3.(3).
Remark 2.10. Most of the hard work in proving the main result comes when dealing with the primes 2 and 3 for small values of n. In particular notice that at this point we can already conclude that gen(q K ) = spin
for all number fields K that are either at worst tame at 2 or that are non-quartic and totally real. Next we deal with this, the final case.
Proof. We may assume that n = 4 and that M 2 ∈ {1, 2}. If M 2 = 1 then, by Corollary 2.5, v 2 (D K ) ≤ 7 < n(n − 2) and we use the argument of Proposition 2.9. Furthermore, if c := v 2 (D K ) ≤ 8 the same argument applies hence we may assume that M 2 = 2 and that 9 ≤ c. Therefore L := K ⊗ Q Q 2 is a totally ramified quartic extension of Q 2 , with discriminant of valuation c ∈ {9, 10, 11}. There are 36 such fields (see for instance [Jo] ).The ring of integers of L is of the form The table below consists of the minimal polynomial of α L for each one of the 36 fields and their corresponding discriminant valuation c. c = 9 c = 10 c = 11 c = 11 c = 11 x 4 + 6x 2 + 2 x 4 + 2x 2 − 9 x 4 + 12x 2 + 2 x 4 + 6 x 4 + 8x + 10 x 4 − 2x 2 + 2 x 4 + 2x 2 − 1 x 4 + 4x 2 + 18 x 4 + 22
x 4 + 8x + 6 x 4 + 6x 2 + 10 x 4 + 6x 2 − 9 x 4 + 12x 2 + 18 x 4 + 14 x 4 + 8x + 14 x 4 + 2x 2 + 10 x 4 + 6x 2 − 1 x 4 + 4x 2 + 10 x 4 + 30 x 4 + 8x 2 + 8x + 22 x 4 + 2x 2 − 2 x 4 − 6x 2 + 3 x 4 + 12x 2 + 10 x 4 + 26 x 4 − 2x 2 − 2 x 4 + 6x 2 + 3 x 4 + 4x 2 + 14 x 4 + 10 x 4 + 2x 2 + 6 x 4 − 2x 2 + 3 x 4 + 4x 2 + 6 x 4 + 18 x 4 − 2x 2 + 6 x 4 + 2x 2 + 3 x 4 + 12x 2 + 6 x 4 + 2
• Suppose that the minimal polynomial of α L is of the form x 4 + 2ax 2 + b.
Out of the 36 polynomials in the above table, 32 are of this form and they satisfy exactly one of the following
In particular, b/a ∈ Z * 2 . Moreover, in case (ii) we have that all the values of b satisfy that b ≡ −1 mod 4. The Gram matrix of the trace form in the basis
It follows that
In case (ii) we also have that
∈ Z * 2 ; this follows since in this case all the values of b satisfy that b ≡ −1 mod 4.
• If the minimal polynomial of α L is of the form x 4 + 8x + 2b with v 2 (b) = 0, three out of the remaining four polynomials in the table are of this form, then similarly as above we have that
• Finally if the minimal polynomial of α L is x 4 + 8x 2 + 8x + 22 then
From the description above we see that Λ 2 contains an orthogonal factor Λ (2) of one of the following forms: 2 3 H or 2 e u 1 , 2 e u 2 , 2 e u 3 or 2 e u 1 , 2 e u 2 , 2 e+1 u 3 , where all the u ′ i s are in Z * 2 . The result follows from [Ca, XI, §3, Lemma 3.8] .
Theorem 2.12. Let K be a number field of degree at least 3. Then, the genus of integral trace form q K contains only one proper spinor genus, thus it only contains one spinor genus.
Proof. This follows from Theorems 2.6, 2.7, 2.11 and 1.2.
Corollary 2.13. Let K be a non totally real number field. Then, any integral quadratic form that is equivalent to q K is properly equivalent to it.
Proof. The result is clear for K quadratic, just compose with complex conjugation on K whenever the original isometry is not proper. For higher dimensions we have
where contaiments 1 and 2 are equalities by the celebrated result of Eichler [Eich] and containment 3 is an equality by Theorem 2.12. It follows that all the containments in the above diagram are equalities, in particular we have that cl
Our interest in the spinor genus of the trace began as the search for a tool to understand when a pair of number fields have the same integral traces. Since quadratic fields are completely characterized by their discriminants the question about the isometry between their traces becomes trivial. However, since all the methods applied above relied heavily on the assumption that the number fields have dimension at least 3, it is interesting on its own to see if Theorem 2.12 remains valid in dimension 2. The following example shows that this is not the case. Given a square rational matrix S the denominator of S denoted by den(S) is the smallest positive integer such that den(S)S has integral entries. The weight of S denoted by w(S) is the smallest positive integer such that w(S 1 )det(S 1 ) is an integer whenever S 1 is any square submatrix of S. See [Wat, Chapter 6 , §1] for details.
Example 3.1. Let K be the quadratic number field of discriminant 17. Then, its integral trace form q K is equivalent to the form 2, 2, 9 which genus contains two spinor genus; 2, 2, 9 and 1, 17 .
Proof. The form 2, 2, 9 is the integral trace form q K written in the standard ordered basis of O K given by B := 1, 
Suppose such a matrix S exists. We may assume that det(S) = 1 since otherwise we can replace S by T S, where T = 
for some m and n relatively prime integers. Hence S can be written as
for some m, n.
Since gcd(m, n) = 1 and for all m, n 1 integers S(m, 17n 1 ) = −S(n 1 , −m) we may assume that 17 ∤ n. If n is even there is n 1 relatively prime to 17m such that gcd(17m 2 − 2n Therefore w(S) = 17m 2 + 2n 2 1 . If n is odd and m is even we have that gcd(17m 2 − n 2 , 17m 2 + n 2 ) = gcd(17m 2 , n 2 ) = 1 thus w(S) = 17m 2 + n 2 . Finally if both m and n are odd gcd Ç 17m 2 − n 2 2 , 17m 2 + n 2 2 å = gcd(17m 2 , n 2 ) = 1 thus w(S) = 17m 2 +n 2 2
. We have shown that for any rational matrix S such that SBS t = B there are integers m, n such that either w(S) = 17m 2 + n 2 or w(S) = 17m 2 + 2n 2 or 2w(S) = 17m 2 + n 2 . Therefore, thanks to (2), if O K and M were in the same spinor genus there would exists an integer d such that either 3d
2 ≡ 1 mod 17 or 6d 2 ≡ 1 mod 17 or 3d 2 ≡ 2 mod 17.
Since Remark 3.2. The above example is minimal in the sense that for any quadratic field K with discriminant D with |D| < 17 one has that spin(q K ) = gen(q K ).
It would be interesting to see for which quadratic fields K the conclusion of Theorem 2.12 is valid. A simple way to construct quadratic fields that satisfy Theorem 2.12 comes from Gauss' genus theory. Let's say for simplicity that the discriminant D of K is square free. If the narrow class group Cl + (−D) of the quadratic field Q( √ −D) has exponent at most 2 then for every primitive binary quadratic form q = a, b, c , with b 2 − 4ac = −4D, we have that cl(q) = gen(q) so in particular spin(q) = gen(q). Examples of this are given by the quadratic fields Q( √ −3), Q( √ 5) and Q( √ 13). There exist only finitely many positive D's with such properties; they are called idoneal numbers (see [Cox, Chapter 1 §2 C]). As far as we know, for general D, it is not known whether or not there are infinitely many quadratic fields of discriminant D such that Cl + (−D)[2] = Cl + (−D). We finish with the following related question. Question 3.3. Are there infinitely many K, quadratic fields, with spin(q K ) = gen(q K )?
